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1 Algebra

1.1 Exponential Properties
(i) 2% =
(ii) z"z™ = gntm

(iii) Zn =" =

(iv) @ym =amm
™ (3)" =
(vi) 27" = 27
(vii) 27 =a"
wii) (2) "= ()" =1
() ot = (am)" = (@) = ¥am

1.2 Logarithm Properties
(i) log, (0) = Undefined

(ii) log,(1) =0

(iii) log,(n) =1

(iv) log, (n*) ==

(v) nlogn(@) = ¢

(vi) log, (z") = rlog,(z) # log;,(z) = (log,(z))"

(vii) log, (zy) = log,, (x) + log,, (v)

(viii) log,, (%) = log,, (z) — log,, (y)

(ix) —log, () =log, ()

(x) 1255 = log, ()

1.3 Radical Properties

1

() Ya=on
(i) yaw= Ve uu
(i) /W=
) 45 =%
(v) Yan ==z, ifn is odd
(vi) ¥a™ =|z|, if n is even

1.4 Absolute Value Properties

R K ifx >0
ow={7, I
(i) |z| =0

(i) | — 2l = |z
(iv) |ca| =c¢lal, ifec>0

V) lzyl = |zlly|
(vi) |2?| = 2?
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|27 = [=["

x

)

)y = Tl

(ix) la—bl=b—a,ifa<b
)
)

la 4 b] < |al + [b]
la] — 6] < la—b|

1.5 Factorization
) 22 —a? = (z +a)(z — a)
) 2 + 2az + a® = (z + a)?
) 22 —2az + a® = (z — a)?
) 22+ (a+b)x+ab= (xz+a)(x+b)
(v) 23+ 3az? + 3a%z + a® = (z + a)®
) % — 3az? + 3a%x — a3 = (z — a)?
) 22 +a® = (z +a)(z? — ax + a?)
) 2% —a® = (z — a)(2? + ax + a?)
)

$2n _ a2n — (xn _ an)(xn + an)

1.6 Complete The Square
ax? +br+c=0 =

1.7 Quadratic Formula

ar2 +br+c=0 = r — —bEVb2—dac \’21"12—4‘10

- If b2 — 4ac > 0 = Two real unequal solutions.
- If b2 — d4ac = 0 = Two repeated real solutions.

- If b? — 4ac < 0 = Two complex solutions.

a(x+d)?2+e=0

2 Functions

2.1 Domain

- Fractions denominator # 0.

- Logarithms if the base is a number, the argument

must be > 0, if the base depends on a variable, the
base must be > OA # 1.

- Roots with even index, the argument must be

> 0, for roots with odd index the domain is R.

- Arccos/Arcsin the agrument must be € [—1,1].

For other trig functions we use trig properties to
change them to cos and sin.

- Exponential base > 0.

2.2 Parity

We consider the partiy of the function only if
Dom(f) is mirrored on the origin:
(Dom(f) = [~2,2] V (00, 50) V (—00, 1] UL, o0]).

- Even function (with respect to the y axis) if:

f(=2) = f(=).

- Odd function (with respect to the origin) if:

f(=z) = —f(2).

- In every other case the function is neither even nor

odd.

2.3 Axis Intercept

- X intercept can be many; is calculated by solving

flx) =0. If f(z) = ZE;; we solve just g(z) = 0.

The points are then (z;,0).

- Y intercept can be just one; is calculated by

setting z = 0, the point is then (0, f(0)). If
z =0 ¢ Dom(f) there is no Y intercept.

2.4 Sign

The sign can only change when there is a x inter-
cept (if the function is continuous), thus if we solve
f(xz) > 0 we get both the X intercepts and where
the function is positive.

2.5 Asymptotes/Holes

- Hole at point (x()vfsempliﬁed(mo)) if plugging the

critical point xg in the numerator of f gives %.

- Vertical asymptote at a critical point z¢ if:

lim  _ f(z) = Zoo (left at z = zo)
)

limx_ma. f(z) = £oo (right at = z¢).

—
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- Horizontal aysmptote (if domain is unlimited at

+o0) if:
limg 4 oo f(z) = k (right y = k)
limg——oo f(z) = h (left y = h).

- Oblique aysmptote (if domain is unlimited at

+o00) if:

limg 400 28 = m A limgostoo[f(z) — ma] = ¢
(right at y = mz + q)

limg— — oo % =mAlimg_oo[f(z) — mz] = ¢

(left at y = mz + q).

2.6 Monotonicity

A funciton f is:

- Monotonically increasing if:

Va,y: o <y = f(z) < fy)

- Monotonically decreasing if:

Va,y: o <y = f(z) > f(y)

- Strictly increasing if:

Vz,y:z <y= f(z) < f(y)

- Strictly decreasing if:

Vz,y:z <y= f(z)> f(y)

2.7 Max, Min

Calculate f’(z) = 0, then all the solutions z; are
our candidates, where for a small € > 0:

- Max if: f/(z; —€) > 0A f/(z; +€) <O.
- Min if: f/(z; —€) <OA f/(x; +¢€) > 0.

- Inflection if (use sign table):

[z —€) <ONA f'(z; +€) <0, or
f(xi—€) >0Nf'(zi+¢€) >0

If f’(z) > 0, then f is strictly increasing.
If f/(z) < 0, then { is strictly decreasing.
If f/(z) =0 f is constant.

2.8 Convexity

- Convex (V) if: f(z) >0
- Concave (N) if: f(z) <0

2.9 Inflection Points

Calculate f”’(x) = 0, then all the solutions z; are
our candidates (except where f(z) is not defined),
where for a small € > 0:

- Increasing Inflection if:

' (xi—e) <OAf"(zi+€) >0

- Decreasing Inflection if:

f'(xi—€) >0N f'(z;+¢) <0

- Otherwise nothing happens on x;.
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3 Trigonometry
3.1 Unit Circle

excsc

3.2 Domain and Range

- sin: R — [—1,1]

- cos: R— [—1,1]

~tan: {z€R |z £ L +kr} —R
ccot:{z€R |z #kr} —R
cesci{z€R|z#kn} — R\ (=1,1)

csec: {z€R|z#F+kr} — R\ (-11)
csinT!: L1 — [-5, 5]

- cosTl:[—1,1] — [0, 7]

- tan”l: R —» [77’ W}

22
3.3 Pythagorean Identities

(i) sin?(x) + cos?(z) =1
(ii) tan?(z) + 1 = sec?(x)
(iii) 1+ cot?(x) = csc?(x)

3.4 Periodicity Identities

(i) sin(z %+ 27) = sin(z)
(ii) cos(z %+ 27) = cos(z)
(iii) tan(z £ 7) = tan(z)
(iv) cot(x £ 7) = cot(x)

(v) csc(zw £ 2m) = csc(x)
(vi) sec(z =+ 2m) = sec(x)
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3.5 Reciprocal Identities

(i) cot(z) = m
(ii) csc(z) = ﬁ

1

(iii) sec(z) = =@

3.6 Quotient Identities

(i) tan(z) = =20
(ii) cot(z) = )

3.7 Sum Identities
(i) sin(z + y) = sin(z) cos(y) + cos(x) sin(y)
(ii) cos(z + y) = cos(z) cos(y) — sin(z) sin(y)

(iif) tan(z +y) = {onotenl),

3.8 Difference Identities
(i) sin(z — y) = sin(z) cos(y) — cos(x) sin(y)
(ii) cos(z — y) = cos(z) cos(y) + sin(x) sin(y)

(if) tan(z —v) = I Tty

3.9 Double Angle Identities

(i) sin(2z) = 2sin(z) cos(x)
(i) cos(2z) = cos?(x) — sin?(x)

(iii) cos(2z) = 2cos?(z) — 1 = cos?(z) = 2L
(iv) cos(2z) = 1 — 2sin?(z) = sin?(z) = 132
(v) tan(2z) = %

3.10 Co-Function Identities
(i) sin (% — ) = cos()
(ii) cos (5 —z) = sin(z)
(iii) tan (5 — ) = cot(x)
(iv) cot (7 — z) = tan(z)
v)
) s

(vi

csc (5 — x) = sec(x)

ec (5 —z) = csc(x)
3.11 Even-Odd Identities
(i) sin(—z) =

—sin(x)

(ii) cos(—z) = cos(z)

(iii) tan(—z) = — tan(x)
(iv) cot(—z) = — cot(x)
(v) csc(—z) = — csc(x)

(vi) sec(—z) = sec(x)

3.12 Half-Angle Identities
(i) sin (%) =+ 1*C;s(z)

(ii) cos (Z) = a4/ Lreos(@)

(iif) tan (%) ==+ I*C;s(a:)

(iv) tan (%) = lsicno(sz()z)

(v) tan () = liicncf:&)

3.13 Sum-to-Product Formulas
(i) sin(z) + sin(y) = 2sin (%) cos (u)

2
(ii) sin(z) — sin(y) = 2sin (%) cos (ZTW

(iii) cos(z) + cos(y) = 2 cos <x+y> cos (%)
y

(iv) cos(x) — cos(y) = —2sin (%ﬂ) cos (%

3.14 Product-to-Sum Formulas
(i) sin(z)sin(y) = 5
(z) cos(y) =
(

ii) cos
(iii) sin(z) cos(y) =
iv)

5 [sin(z + y) + sin(z — y)

cos(z)sin(y) = % [sin(z 4+ y) — sin(z — y)

3.15 Tangent expression

If u=tan(g) : [d:): 1+u2 du]
. 2
(i) cos(z) = ﬁ

(ii) sin(z) = %

(iii) tan(z) = 137;2

3.16 Hyperbolic Functions

(i) sinh(z) = <=2

(ii) cosh(z) = ez%
eT _e— T
eTte®

(iii) tanh(z) =

3.17 Laws of Sines

.\ sin(a) _ sin(B) _
(i) =5 =

a

sin(7)

3.18 Laws of Cosines
(i) a® =b% + % — 2bccos(a)
(ii) b% = a? + % — 2accos(B)

(iii) ¢ = a? + b2 — 2abcos(y)
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1 fcos(z — y) — cos(x + )
2 [cos(a: —y) + cos(z + y)]

)
J
]

3.19 Degrees

sin 0 cos © tan © csc © sec B cot O

Rad Deg

0/ 0 0 1 0 Undef 1 Undef
21

/6 30 1/2 V32 V3/3 2 2+/3/3 V3
/4 45 V2/2 V22 1 V2 V2 1
/3 60 V3/2 1/2 V3 23/3 2 V3/3
2 90 1 0 Undef 1 Undef 0
27/3 120 V32 -1/2 -3 2V3/3 2 -3/3
3m/4 | 135 V2/2 -V2/2 -1 V2 -2 -1
5a/6 | 150 1/2 —-V3/2 - 3/3 2 —-2v/3/3 -3

n 180 0 -1 0 Undef -1 Undef
/6 | 210 -1/2 —-\3/2 V3/3 -2 -2v3/3 V3
5n/4 | 225 -2/2 -V2/2 1 -2 -2 1
47/3 | 240 -3/2 -1/2 V3 -2v3/3 -2 V3/3
3m2_| 270 -1 0 Undef B Undef 0
5n/3 | 300 | 32 12 -3 —23/3 2 -3/3
4 | 315 | 22 V2/2 -1 -v2 V2 1
11n/6 | 330 -1/2 V32 -3/3 -2 24/3/3 -3
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4 Limits, Sup and Inf

Definition 4.1 (Limits). Let f(x) be a func-
tion defined on D C R, let xo be a limit point
in D, then we say that limgy 5, f(z) =L € R
if for all € there exists a 0 such that:

VeeD: 0<|z—xzo| <d=|f(z) —L|<e

Sequence Definition:
lim f(z) =L < V(zn) where lim z, = o, then
T—xQ n—oo

nh~>moo flzn) =1L

4.1 Limit Properties

Assume that limgz 4, f(z) and limz 4, g(x) exists
and that ¢ € R, then:

() Jlim [cf(z)] = ¢ lim f(z)
(i) lim [f(z)+g(z)] = lim f(z)+ lim g(z)

(iif)

L [f(@)g(@)] = lim f(z) lim g(z)

(iv) g(z) #0

2] L@
i, (0] = B o

— - , lim
z—z0 lim g(z) z—=o
T—x0

() Jim @] = | i 1)

T—xQ T—T
(vi) lim ["\/f(x)] = »/ lim f(x)
T—xQ T—TQ
(vii) xl;ng}o T =T
4.2 Chain Rule
Let f and g be continuous, and given

limg 44 f(g9(x)) of composed function we can
solve limg 2, g(z) = yo, then:

lim f(g(z)) = lim f(y)

T—xT(Q Y—Yo

4.3 Exponential Rule

Let f and g be continuous, where limg sz, f(z) =
f(zo) > 0 and limgz 4, g(z) = g(xo) (where both
limits exists), then:

lim f(z)9®) = f(z)9(=0)
T—xT(
4.4 Root Trick

\/f—y:mlggox/f—g
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ity
Vityg

lim
T—TQ

4.5 E-Log Trick

lim f9= lim ™)
T—xQ T—x(

Theorem 1: L’Hoépital’s Rule

If by plugging z¢ in ggzg we get % or %,
then:
!
im £ _ P@ o er 100
T—xQ g(z) T—xQ g’(m)

Theorem 2: Limit Squeeze Theorem

Let li)m f(z), if g(z) < f(z) < h(z), Ve, and
T—xz(Q
lim g(z) = lim h(z) = L, then:
T—x0

T—xQ

lim f(z) =L

T—xQ

4.6 Important Limits

T\
. lim (1+7) — e
n— oo n

n

li =
n>oo n In(a)
i log,(1+n) 1
i =
n—0 n In(a)
lim sin(n) 1
n—0 n

i 1 — cos(n) -0
n—0 n

lim 1 — cos(n) _1
n—0 n2 2

. tan(n)

lim =
n—0 n

!
lim = =0
n—oo nm
n
-1

lim < =1
n—0 n

4.7 Strategy

Given a limit lim f(z):
T—x(Q

1.

Is f(zo) solvable normally (polynomials and
radicals) ?

. Try to decompose the limit with the properties

and go back to step 1 for each piece.

. If it contains a radical expession try with the

root trick, pay attention that if it’s not a square
root you can try with the third root factoriza-
tion, but for bigger roots it’s probabily another
method. If the root contains the entire limit it
can be put out (PR6).

. If it contains a trigonometric function try

with the Squeeze Theorem, if the trig func-
tion contains another function go with the com-
posed function decomposition. If it simplifies
well with the series definition of cos, sin, or tan
try to simplify the sum and solve each piece.

. Ifit’s a composed function try the chain rule.

. If it’s raised to an unusual power try the E-

Log trick.
+oo

. If you get % or T2 use 'Hopital.

. If you get 00 -0 or 0 - +oo tranform the func-

tion into a fraction so that you get % or or ==

+oo
then use ’'Hopital.

4.8 Supremum and Infimium

Definition 4.2.

- The Supremum of a set S denoted sup(S) =

u is a number u that satisfies the condition
that uw is an upper bound of S and for any
upper bound v of S, u < v.

- The Infimium of a set S denoted inf(S) = u

is a number u that satisfies the condition that
w is an lower bound of S and for any lower
bound v of S, u > v.

- If the supremum doesn’t exists we can write:

sup(S) = oo.

- If the infimium doesn’t exist we can write:

inf(S) = —oo.

- To prove that the minimum doesn’t exist:

Vedng € N: f(z) <inf(a) + € Vz > no.

- To prove that the maximum doesn’t exist:

Vedng € N: f(z) < sup(a) — € Yz > ng.
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5 Continuity

Definition 5.1 (Pointwise Contiunous).

A function f : [a,b] — R is pointwise contin-
uous at xg € [a,b] if limg .z, f(x) = f(z0),
or:

Vedd Va : (|lz — zo| <0 = |f(z) — f(=0)] <€)

Definition 5.2 (Uniformly Continuous).

A function f : [a,b] — R is uniformly con-
tinuous if it’s continuous at every point in it’s
domain Yzg € [a,b] : limz—sq, f(z) = f(z0),
or:

Vedd Vao,x : (|lx—xo| < § = |f(x)—f(z0)| <€)

Definition 5.3 (Lipschitz Continuous).
A function f : [a,b] — R is Lipschitz contin-
uous if:

JLVz, zo : |f(z) — f(z0)| < Llz — zo|

5.1 Properties

Let f and g be continuous, then also f + g, f - g,
5 < g # 0 and f o g are continuous.

(i) Polynomials: All polynomials P(z) are
pointwise continuous on any bounded interval.

(ii) Bijective: If f: [a,b] — R is continuous and
monotone, then it’s bijective and f~1 is also
continuous.

Theorem 3: Intermediate Value

Let f be a continuous function on [a,b] and
let s be a number with f(a) < s < f(b), then
there exists at least one solution to f(z) = s.

Theorem 4: Extreme Value

Let f : I — R be a continuous function on
I = [a,b] then there exist two numbers ¢ € T
and d € I such that:

Vzel: m=f(c) < f() < f(d) = M

Where m is a lower bound and M an upper
bound.
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6 Derivatives

Definition 6.1 (Derivative). The derivative

of f(x) with respect to x is:
df

o~ @ = lm h
i f@0) — 1@
Tro—T Tro — T

flz+h) - f(z)

6.1 Properties

(i) 45()=0

(i) (ef) = cf'(z)
(i) (f £9)" = f'(z) +g'(z)
(iv) (f9) = f'g+fg'

o (3) - Lo

(vi) 45 ([f@)]™) = nlf @)~ f'(x)
(vii) £ (f(9(2)) = f'(9(x))g' (z)
(viii) [f~1) (=) = W

6.2 Common Derivatives
. %(a}) =1

- =L (Ja|) = sign(z)

(e =

. %(az) =a”1In(a)

d 1\ 1
c a3 =

d _ 1
A V¥ = 3z

S (@) = EE = Liffa) =2
xX

sy
&z‘&
—
w
@,
5]
S
8
NS

< (cot(z)) = — csc?(x)

< (sec(x)) = sec() tan(x)
< (csc(x)) = — cse(x) cot(x)
# Gin @) = =

it (cos ™ (@) = ——=L—

d _
© g (tan~ (@) = ﬁ
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d (o _
* g (sinh(z)) = cosh(z) Theorem 7: Mean Value Theorem
: %(cosh(w)) = sinh(x) Let f : [a,b] — R be continuous and differ-
d 1 5 entiable on |a, b, then exists ¢ € |a, b[ with:
© g (tanh(2)) = gy = 1 — tanh®(2) F(0) = £(a) + £/(c)(b — a), or
d (qinp—1 1
. < (sinh = _
4o (sinh ™" (x)) =0 (o) = f(bl)) f(a)
—a
- L (cosh™(z)) = —=%
dx z2—1
d -1 _ 1
. E(tanh (z)) = T

6.3 Differentiable

Theorem 5: Differentiable

A function f is differentiable at a point zg iff:

lim J@ = flxo) _ . f(@) — f(@0)

z—}zo+ T — o T—oTy T — 20

(i

=

Tangent Line: The function f has a tangent
point at a if and only if f is differentiable at a.
The equation of the tangent line is:

y=f'(a)(z —a) + f(a)

(ii) Continuous: If f(z) is differentiable at a,
then f is continuous at a. The converse is not
true (e.g. f(z) =|z|, a=0).

Classes: If f : [a,b] — R is differentiable k
times we say that f € C*([a,b]) where C is
called classification function. If f is differen-
tiable infinite times we say that f is smooth

(f € €*([a,])).

(iii

=

Theorem 6: Inverse Function Theorem

Let f : [a,b] — R be continuous, differen-
tiable and stricly increasing where Vz € [a, b] :
f'(x) > 0 and

c= inf ) < su z)=d
Lt f@) < swp f(@)

then:
- f:]a,b] = |c, d[ is bijective.

- f71 ¢ )e,d[ — Ja,b[ is differentiable with
—1y — 1

Analysis I - Cheat Sheet

Page 4



7 Integrals

Definition 7.1 (Riemann-Integral). Given:

- A continuous function f(z) : [a,b] — R

- A partition P = {a = zo, ...,
where I; = [x;—1, ;]

- A set of points & .= {1, ...,En} where
& €L = i1,z

Tn—1,Tn = b}

Then the Riemann-Sum is defined as:

S(f;P&) = fl&:) (s — wi—1)

=1

Where the Riemann-Integral is:

b n
/ f(z)dz = nlganf(&) (g — wi-1)
@ i=1
(i) Over Sum:
g(f, P) = hm Z sup f(z) - (x; — zi—1)

1= 1ZE i
Infimum of the over sum

infS(f, P) == (b — a) hm — su
0fS(f, P) = ( 2165#

(ii) Under Sum:

n

S(f,P) = lim 3 inf f()- (@i - @i-1)

Supremum of the under sum:
n

1
sgpﬁ(fv P):=(b-a)- lim — ;Jg @)
e[ ) e
n n
(iii) Inequality:
sup S(f,P)< inf S(f,P)
pEP(I)

peP(I)
(iv) Monotone: A monotone function f : I — R
is Riemann-Integrable over I.

(v) Continuous: A continuous function f : I —
R is Riemann-Integrable over I.

Theorem 8: Riemann-Integrable
A function f is Riemann-Integrable iff:

supS(f, P) = infS(f, P)
Py P2

More formally:

VeaP : |S(f,P) = S(f,P)| <e
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7.1 Properties
@) [ f(z)de =0
(i) [2ef(@)=c [l (=)
(iii) [0 f(z) + g(x)de = [° f(z)de + [° g(z)da
(iv) [ f(z)de = — [* f(z)da
) [P f(@)de = [€ f(a)da + [° f(z)dz
(vi) f: cdz = c(b—a)
(vii) If f(z) > g(x), then:
[ f@) > [0 ()
(viii) If m < f(x) < M, then:
m(b—a) < [ f(z)de < M(b— a)

(ix) If :f(ac)daz < x)|dz

7.2 Common Integrals (+C)

Basic

- [kdx = kz

- [a"dx = nn_:ll, n# —1
1 -1
™ (n—1)zn—1

- fa7lde = [ ldz =In|al

- [a®dz = 717?(11)

- [ePdr = e

- [log,(z)dz = zlog, (z) — z log, (€)
Trigonometirc

- [ sin(z)dz = — cos(z)

- [ cos(z)dx = sin(z)

- [tan(z)dz = —In|cos(z)| = In|sec(z)|

- [ cot(z)dx = In|sin(z)|

. fscc(w)dr = In|sec(z) + tan(z)|

- [esc(z)dz = —In| csc(x) + cot(x)]

. fsmfl(:): z =zsin~ (z) + V1 — 22

- [eos™Y(z)dx = xcos™ (z) — V1 — a2

- [tan"!(z)dr = xtan"!(z) — v/12In(1 + 2?)

- [eot™!(z)dz = x cot 1 (z) + v/12In(1 + 22)

- [sin?(z)dz = (x — sin(z) cos(x)

- [cos?(z)dz = (x + sin(x) cos(x)

- [tan?(z)dz = tan(z) — =

- [cot?(z)dxr = —cot(z) — x

- [ sec?(z)dz = tan(x)

- [ esc?(x)dx = — cot(z)

1
: f cos(z)

: f 1+sin(ac) dz

1
’ f l—sin(a:)dcc -

- [wsin(az)dz = —7m cos(ax

- [@In(az)dz =

- f hl(Taz)dx = 1 (In(ax)?

- [ esc(z) cot(z)dz = — csc(x)

: fm,(z)dx—l“‘w

sin(x)

1+sin(x)
cos(z)

dr =In

- f mdw = tan(z)

_ —cos(x)
~ 1+4sin(x)

sin(x)

1 —
: f 1+cos(x) de = 1+cos(x)

cos(z)
1—sin(z)

— sin(x)

: f lfcis(z) dz = 1—cos(x)
- [ sin(az)dx = —% cos(az)
- [ cos(az)dx = L sin(az)

- [tan(az)ds = —+ 1n(cos(ax))

% sin(az)

)+
- [ cos(az)dr = Lz sin(ax) + a—lz cos(az)
- [ sinh(z)dz = cosh(z)
- [ cosh(z)dz = sinh(x)
- [ tanh(z)dz = In(cosh(z))
- [ coth(z)dz = In |sinh(z)|
- [sinh~!(z)dz = zsinh =1 (z) —
- fecosh™!(z)dz = zcosh™!(z) — V22 — 1
- [tanh™!(z)dz = ztanh~!(z) + 1 In(1 — 2?)
- fcoth™!(2)dx = x coth™!(z) + £ In(2? — 1)

V2 +1

Logarithmic

- [In(az)dz = zln(ax) — z

22 (2In(az) — 1)

Exponential

- [e®dr = %e"“”

- [wetdr = (z — 1)e”

- [we*Tdx = <7 — %) eaT
a a

Rational Functions

- f ﬁ =2z
- [+ a)"de = %, n#-—1

ng, — @+a)" ! (n+1)z—a)
- Jz(z+a)tde = CESYCES)

Analysis I - Cheat Sheet

1 1
- oo E=n % = 7=
- f zdr = %ln

- f 7{121212 dr =2z —atan™! (£)

az?+bx+c

- [ava? £ alde = L (22 £a?)2

~f\/xlﬁdm:2\/m:ta

- [ €b® cos(az)dx =

.fggigd az _ ad-beip e + d
_ 1

' f(z+a2dx7_x+a

'fax-;—bdx* In |az + b|

- f 7a2+z2 dr = %tan’l (%)

. 1 — 2 —1 2ax+b
f a12+bz+cdm \/4(1.(:—172 tan (, /4ac—b2>

T—a

z—b
|

In

|a2 +x2

- f 7{123:102 dr = lzz - la2 In|a? + 22|

. fﬁdz: as tInla+ 2]

= iln|az2+bm+c| —

b tanfl 2ax+b
ar/4ac—b2 V4ac—b2
Square Roots
. f\/w—adw:%(:c )%
- [Vaz +bdz = (2—2 TZ) Var +b
~f\/:v2+adx*% Va2 +a+ §Infz+ Va2 +a

- [Va? —a2dx = E:C\/az —x2 + ’17 sin—1! (%)
-fx\/xfadz:%a(xfa)%Jr%(xfa)g

3

~f(ax+b)%d :l(ax—s—b)%
- f %dr—ln‘m—s—\/m’

dx = sin—?! (%)

- Tk Va2 £a?
Other
- [@sin(az)de = — Lz cos(ax) + 5 sin(ax)
- [z cos(az)dz = lz sin(az) + % cos(ax)
- [ e’ sin(az)dr = Qin e’ (bsin(ax) — acos(ax))

meb (asin(azx) + bcos(ax))
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7.3 U-Substitution
The substitution, u = g(z), du = ¢’(z)dz is:

b g(b)
z)) ¢ (z)dx = u)du
/a Fo(@)d' () /g(a) fw)

7.4 Integration By Parts
b b
[ 1@ @iz = (f@g@k - [ @g()de

u=f(z), v=g(z)
- du = f'(z)dz, dv=g'(z)dx

[[udv = uwv — [vdu]. As a rule of thumb use the
following order, u should be the function that comes
first beween: Logarthmic <> Inverse trig. — Alge-
braic (Az™) — Trigonimetric — Exponential (k*).

7.5 Trig-Function Trick
For [ sin™(z)cos™(z)dx evaluate the following:

(i) Deg(n) odd: strip one sin out and convert
the rest to cos with sin?(z) = 1 —cos?(x), then
use substitution on u = cos(z).

(ii) Deg(m) odd: strip one cos out and convert
the rest to sin with cos?(x) = 1 —sin?(z), then
use substitution on u = sin(z).

(iii) Deg(n) and Deg(m) both odd: use either
(i) or (ii).

(iv) Deg(n) and Deg(m) both even: use dou-
ble angle and/or half angle trig identities to
reduce the integral.

For [tan™(z)sec™(z)dz evaluate the following:

(i) Deg(n) odd: strip one tan and one sec out,
and convert the rest to sec using tan?(z) =
sec?(z) — 1, then use substitution on u =
sec(x).

(ii) Deg(m) even: strip 2 sec out and convert
the rest to tan with sec?(x) = 1+tan?(z), then
use substitution on v = tan(z).

(iii) Deg(n) odd and Deg(m) even: use either
(i) or (ii).

(iv) Deg(n) even and Deg(m) odd: Deal with
each integral differently.

7.6 Root-Trig Substitution Trick

If the integrals is one of the following roots use the
given substitution and formula to convert it to an
integral involving trig functions.

(i) Va2 —b222 = x = ¢ sin(u), with property
cos?(z) = 1 — sin?(z).

Flavio Schneider

(i) Vb222 —a? = = = §sec(u), with property
tan?(z) = 1 — sec?(x).

(i) Va2 +b222 = z = % tan(u), with property
sec?(z) = 1 + tan?(x).

7.7 Rational Functions

Given an integral [ gg;dac:

- For deg(P(z)) > deg(Q(z)), then apply a polyno-

mial division so that we get an equivalent integral

JA(z)+ ngc; dx where [ %dw is easier to solve.

- For deg(P(x)) < deg(Q(z)), then factor Q(z) as

completely as possible and find the partial fraction
decomposition (P.F.D) of the rational expression.

1. Q(z) = (ax +b)(cx?+dx +e), then the P.F.D.
is:
A B
ax+b + cx?+drte
2. Q(z) = (ax + b)™, then the P.F.D. is:
A

1 2 Anp
ax+b + (ax+b)2 oot (az+b)™

7.8 Improper Integrals
Convergent, if lim = k with k finite.
Divergent, if lim = +oco V D.N.E.

Infinite Limit:
(i) [2° fl@)dz = lim oo [ f(z)dx
(i) [0 fl@)dz =lims—oo [} f(2)da
(i) 2 f@)de = [° f(@)dz + [7 f(x)de
provided that both integrals are convergent.
Discontinuous Integrand:
(i) Discontinuity at a:
b . b
fa f(z)dz =lim,_,  + ft f(z)dx
(ii) Discontinuity at b:
b .
fa f(z)dz = lim, - f; f(z)dz
(iii) Discontinuity at a and b (a < ¢ < b):
[ fz)d + fcb f(z)dz, if both convergent.

Convergence Tests:

- Comparison Test: If f(z) > g(z) > 0 on [a, o],

then:

If [ f(x)dx converges = [>° g(w)dx converges.
If [ g(z)dz diverges = [ f(z)dz diverges.
Useful: If @ > 0 = f;o z%dz converges if p > 1
and diverges if p < 1.

- Limit Comparison Test: If f, g are continuous

on [a, oo with limgz—s o0 gg; = L # oo, then:

71 f (@)|de converges < [° |g(z)|dx converges

- Absolute Converpgence:
S22 | f(2)|dx converges = [7° f(z) converges

Definition 7.2 (Antiderivative).
Let f : [a,b] — R be a function where

f(z) = F'(z) Vz € [a, b]

then F' is called the antiderivative of f.

Theorem 9: Mean Value Theorem

(Integration) Let f be continuous on [a,b],
then there exists a ¢ such that:

b
10 == [ 1@

(f(e) = favg)

Theorem 10: Fundamental Theorem
Part 1: Suppose that f is continuous on [a, b]

and F is defined as: F(z) := [ f(t)dt, then F
is differentiable on ]a, b[ and for all = € ]a, b[:

F'(z) = f(=)

Part 2: Suppose that f is continuous on [a, b]
and F' is the antiderivative of f, then:

/ " Ha)dz = F(b) — F(a)

7.9 Derivative of Integrals

If we have to evaluate the derivative of an integral
where F(z) = fag(x) f(t)dt, then by the first part
of the Fundamental Theorem of Calculus (and the
Chain Rule) we have: F'(z) = f(g(x)) - ¢'(x).

It F (@) = [0 F@de = [29 foydi— [ fe)at,

(z)

then F'(z) = f(g(x))g'(z) — f(h(z))W (z).

Analysis I - Cheat Sheet
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8 Sequences 8.2 Divergence Criteria 8.6 Accumulation Points 9 Sequences of Functions

i) (an) is divergent if it has two subsequence that
(@) (an) 8 4 Definition 8.6.

Definition 8.1 (Sequence). A sequence is converge to different limits. ; , , Definition 9.1. A sequence of a function
. ) . . e . A number a is an accumulation point of (an) . . .
set of numbers in a specific order, more for- (ii) (an) is divergent if it has a divergent subse- : : (fn) is a list of functions (f1, fa,...) such that
; : if there exists a subsequence (an, ) that con- . :
mally: (an)S>, is a function f : N — R where quence. T 10 @ G each fn maps a given subset of R into R:
, Or:
f(n) = an. iii) (an) is divergent if it’s unbounded.
g

(fn)nen, fn:ICR—R

Ve > 03K € N: (k> K = |an, —al| <€)

8.3 Monotonicity

Definition 8.2 (Convergence). (i) Convergence: If (a,) converges to L, then L 9.1 Convergence
A sequence (an) is convergent to a value L Definition 8.3. is the only accumulation point of (an).
if limp 00 an, = L, or: (ii) Boundedness: If (a,) is bounded, then it has Definition 9.2. A sequence of a function
- A sequence is increasing if: at least one accumulation point. (frn) can converge to a function f(x) in two
Ve>03N eNVn eN: (n> N = [an—L| <¥¢) Vn i an < anti (iii) Divercence: If a, diverges, then it has no different ways:
If the limit doesn’t exist (£oo or doesn’t con- - A sequence is decreasing if: accumulation point. - Pointwise if Vo € I:
verge) we say that (an) is divergent. Vn: anp > anti1
o ] - A sequence is momnotonic if it’s either in- 8.7 Strategy nli_)rn In(z) = f(z)
Inutition: If for any small number e there is, we can creasing or decreasing . ) o
find a number N (e) and L such that all points of an, i : Ccl)nver];glenlce: Tr?at (an) like 2 function and Cai_f U e e 1
; ; culate the limit, if it exists it’s convergent. - Uniformly if Vo € I:
after N are at most at distance € from L, the series [,emmas Every sequence has a monotonic subse- o ! ’ the Monot & o f y if
converges. tence it’s a recursive sequence use the Monotone Con- )
a ) vergence Criteria by first proving that it’s both nleoo sup |fn(z) — f(z)| =0, or:
81 C Criteri monotonic increasing/decreasing and then that it’s eEl
. onvergence tLriteria 8.4 Boundedness bounded above if increasing and bounded below if Ve>03NEN: n> N = |fulz)—f(z)] < e
(i) Linearity: If (an) converges to a, (bn) con- decreasing. To find the limit let limn—oo an = -
iti li = L and solve L = by pluggi
verges :oli; an(}) k € N, then (kan + bn) con- Definition 8.4. ﬁrrllggdo: an:{i_ and solve aco by plugging (i) Convergence: If (f,) converges uniformly,
- verges‘ O‘ a—‘&— ) - A sequence is bounded above if: . then it also converges pointwise.

(ii) Multiplication: If (an) converges to a and dM >0vneN: a, <M ’ Monotonlglty:. To prove that the sequence (ii) Continuity: If (f,) converges uniformly, then
(bn) converges to b then (an - bp) converges to is monotonic pick a candidate between increas- f is continuous
a-b. - A sequence is bounded below if: ing/decreasing and solve the inequality with (iif) Diff " b'l.'t I (f) i

. . < : iii ifferentiability: converges pointwise

(iii) Division: If (an) converges to a and (by) con- S L n;@n+1 to prove your candidate. If the sequence to f, and f/ " ‘formly to the func-

a a g if it’s ei is recursive prove your candidate by induction. 0 J,and j, converges untormly 1o the Iunc
verges to b # 0 then ($2) converges to %. - A sequence is bounded if it’s either bounded p y Y tion g on Ja, b[, then f is differentiable on ]a, b[
n b b tl

(iv) Uniqueness: If (ap) is convergent to a, then: above or below. - Boundedness: Try to Chang? n in an to make and f' = g, or: limy—c0 f;, = (liMn—o00 fn) =

limp—s 00 an = a is unique. the sequence as small as possible to find a lower f
bound m, and similarly as big as possible to find . s .

(v) Subsequence: If (ap) converges to a, then: 8.5 Cauchy Sequence an upper’bound M Gi};e the %esulfin terms of (iv) Integrability: If a sequence of integrable

any subsequence (a,) is also convergent to a. - ) . function f, converges uniformly to f on [a, ],
. m < an < M. If it’s a recursive sequence pick a then f is integrable and:

(vi) Squeeze Theorem; 1If we have 3 convergent Definition 8.5. . ' candidate of upper/lower bound and prove it by lim. fbf (@)da = fb lim (fn(2)) do =
sequences limy 00 ap = limp 500 ¢n, = L, and A sequence (an) is Cauchy if: induction. ) n—oo Jo Jn =Ja n—oo (Jn =
limp—s00 b, = b where a, < by, < cp, then [ fx)de
b= L. Ve > 03IN € N:Vm,n > N = |ap, —am| <€

(vii) Absolute: If (an) is convergent to a, then:

. Inutition: If for any small number ¢ there is, we can
|an| also converges and limy,— 00 |an| = |al.

) find a number N such that all points of a, after N
(viii) Ratio Test: Let (an) be a sequence where are at most at distance e from each other, the series

Vn € N: ap > 0, then if limy o0 az“ = q is Cauchy.
and @ <1, limn—c0 an = 0. (i) Cauchy Convergence Criterion:
(ix) Boundedness: If (an) converges, then (an) is (an) is convergent < it’s Cauchy.
bounded. (i) Cauchy Bounded: If (ay) is cauchy, then it’s

(x) Monotone Convergence: (ar) is monotone also bounded.

then it’s convergent « (an) is bounded. (iii) Linearity: If (ay) is Cauchy, (bn) is Cauchy

I.f (an) is increasing and bounded = and k € N, then (kan, + by) is also Cauchy.
limp—oo an = sup{an : n € N}

If (an) is decreasing and bounded =- The advantage is that we don’t have to find a limit
limp oo an = inf{an : n € N} L to prove that the sequence converges.
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10

Series

Definition 10.1.

- A partial sum is the sum of the first n num-

bers of (an)sey, or: sn =Y i a;

- An infinite series is the sum of all terms of

an infinite sequence (an)o%q, or:
[e*S) N
lim s, = E a; == lim E a;
n— oo N — o0

10.

1 Convergence

Definition 10.2 (Convergence).
An infinite series is called convergent if:

o0 n
E ay converges < lim E aj, exists
k=1 =

& (sn) converges

@
(if)
(iif)
(iv)

10.

Linearity: If>.7° a; =a, > ;2,b; =b, and
c € R, then: >5° (ca; +b;) =ca+b
Comparison: If >-7° a; = a, > 2,b; = b,
and Vn € N a,, < by, then a <b.

Start Convergence: ) :°a; is convergent
< > 72 v a; VN € Nis convergent.

Bounded Convergence: If (an) is ulti-
mately positive and (sp) is abounded above,
then 772 a; converges. Otherwise the series
diverges to infinity.

Unbounded Divergence: If (ap) is un-
bounded and limy—o an = L # 0, then if
L > 0 the series diverges to +oco and if L < 0
the series diverges to —oo.

2 Absolute Convergence

Definition 10.3 (Absolute Convergence).
An absolute convergent series Zfio an 1S a
convergent series where also:

oo

Z |an| converges
i=0

If >~ an is convergent but Y |an| is divergent,
it’s called conditionally convergent.

(i)
(i)

Theorem:

220 an-

Inequality: |30° jan| <3000

If Zfio lan| converges so does

lan]

Flavio Schneider

(iii) Unsorted Property: If >°°° an converges
absolutely, so does Zfio b, where b, is a bi-
jection of the elements in a,.

(iv) Sum Property: > °°(an+bn) converges ab-
solutely if both 772 an and 772 by are ab-
solute convergent.

10.3 Common Series

n

() e = Lo
. . 00 n 12”+1
(ii) sin(z) = 3> 72o(—1 Cn¥)!
o n 220
(iil) cos(z) =D o o(—1 %

) B 2n+1
(iv) tan 1(I) = Z;:O:O(_l)ngnﬁ

™) o
2+l

n=0
(vi) In(l +2) = 252 o (—)m et

1 _ n
l—x = x

10.4 Common Sums
()
(i) X, i = gnn+1)(2n+1) =

(i) 27, 4°

[ n(n+l) _ n’4n
=1"" 2 - 2

2n3+3n2+n
6

Il

|
3

N
3
+
—
e

Definition 10.4 (Power Series).
A power series f is a series of the form:

f@) =3 an(e - )"
n=0

- Convergence: the series converges abso-
lutely for 0 < |z — ¢| < R, and diverges
otherwise. To calculate the radius of con-
vergence we use the ratio (or root) test:

3 Ant1 8 1
limy —s 0o z =limy o |an|m = L then
n
1 g Qn 1
R = I = lim = i
n— oo . +
an+1 limp—s oo |an|™

(i) Continuity: A Power Series f(z) is continu-
ous on {z : |z — c| < R}.

(ii) Differentiability: A Power Series f(x) is dif-
ferentiable in its radius of convergence R and:

fl(z) = Z n-an(z— c)"71
n=0

Analysis I -

Definition 10.5 (Geometric Series).
A geometric series is a type of power series
of the form:

o0 oo
E ar™ = E ar™ !
n=0 n=1

- Conwvergence: converges to 12— if |r| < 1

and diverges otherwise.

- Partial Sum: the nt" partial sum of a ge-

a(l—r")
(1-r)

metric series 1S Sp, =

10.

(i)

(iv)

(vii)

(viii)

5 Convergence Tests

Divergence Test: Let > °° ; an be a series
with limy,— o an, # 0 or undefined, then the
series diverges.

P-Test: The series Y 7 | nip
if p > 1 and divergent if p < 1.

Comparison Test: Let (an), (bn) be ulti-
mately positive such that 3N € NVn > N :
0 < an < by, then:

If 372, by is convergent then "7 |
convergent.

If 3°0° | an is divergent then >°>° , by is also
divergent.

is convergent

an is also

Limit Comparison Test: Let (ay), (bn) b
positive sequences and assume limy,—; o ‘;—Z =
L, then: If 0 < L < co: >.7° | an converges
& >0, by converges.

If L =0: Y72, by converges = ».>° | an con-
verges.

If L = ocor 320

n=

1 bn diverges = >°>° | an di-

verges.

Root Test: Let Zz‘;l an be a series with
1

(an) ultimately and limn—oo |an|» = L > 0,

then:

If 0 < L < 1 the series converges absolutely.
If 1 < L < oo the series diverges.

If L = 1, this test is inconclusive.

Ratio Test: Let Y~ ,an be a se-
ries with (an) ultimately positive and
limy, oo ‘% = L, then:

If L < 1 the series converges absolutely.

If 1 < L < oo the series diverges.

If L =1 the test is inconclusive.

Integral Test: If f(n) = ap with f(x) contin-
uous,eventually positive and decreasing, then:
[ f(z)da converges < Y0, an converges.
Alternating Series Test: Let > >° , an
be a series where an, = (—1)"b, or an =
(—=1)"*1b,, then:

Cheat Sheet

If limy— 00 bn, = 0 and by, is decreasing = the
series converges.

10.6 Convergence Strategy

1.

Divergence Test: If it’s easy to see that the
limit is not 0.

P-Test/Geometric Series: If it’s of the form
S L Sart or Yarmt,

Comparison Test: If it’s similar to a p-series
or geometric series.

Limit Comparison Test: If it’s a rational ex-
pression with polynomials with positive terms.

Root Test: If can be written as an, = (bn)".

6. Ratio Test: If it contains factorials or ¢™.

7. Alternating Series Test: If can be written as

an = (=1)"*¢b,, if ¢ ¢ {0,1} we have to ma-
nipulate it to make it 0 or 1 (e.g.: (=1)"12 =
(=D)"(-1)? = (-1)").

Integral Test: If f(n) = an is easy to inte-
grate and f is positive and decreasing (ev. use
derivative).

10.7 Value Calculation

To calculate the value of a series there are two ways:

1.

Find the series representation as a Geomet-
ric Power Series, and calcualte its convergence
value. Some tricks are: multiply the series by a
number, strip out the first terms (how many are
necessary), subtract the starting series to the
obtained one to balance the multiplied term.
By repeating this process we might be able to
get to a geometric series.

. If the series converges absolutley we can rear-

range the sum such that they cancel each other,
to do so we have to find the partial fraction de-
composition of the series so that there are sub-
tracting terms. Subsequently we will evaluate
enough terms to find a repeating pattern (fac-
toring a constant out might help) such that they
cancel out indefinitely. Then we will rewrite the
series as a partial sum Zf\;o with all the terms
that do not cancel (at the beginning and end
of the infinite series) and evaluate the limit to
find its value.

11 Other

11.1 Length of a curve

Given a parametric curve where =z =

f(t) and

y = g(t) defined on an interval ¢ € [a,b] then the
length of the curve is evaluated as follows:
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We assume that the curve is traced exactly once as
t increases from a to b, and that the curve is traced
out from left to right as t increases.

11.2 Bisection Method

The Bisection method is used to approximate so-
lution to f(z) = 0 in an interval [a,b] where
f(a) - f(b) < 0 (x4 is positive and zp negative or
vice-versa).

1. Calculate the midpoint ¢ + 222 and evaluate

2
f(e).
2. If | f(z)] is small enough, stop and return c.

3. If f(a) - f(c) > 0 let a + c otherwise let b < ¢
and restart from step 1.

This method works by keeping two points a and b
with opposed sign and always shrinking the distance
between them and the solution of f(z) = 0 which
must exist by the Intermediate Value Theorem.

11.3 Newton method

The Newton method is used to approximate solu-
tions to f(z) = 0, pay attention, not always this
method converges, and it could also converge to a
wrong value.

1. If an interval I = [a,b] is given we start by
making a random guess for the approximation
by taking 2= as our zg.

2. We evaluate the next (n + 1) guess with the

following formula xn41 = Tpn — f/( ")

that f/(xn) exists.

provided

3. To get n decimal places of precision we repeat
point 2. until the last n digits are unchanged
for two consecutive cycles.

The Newton method works by recursively finding
the intersection between the original function f and
the tangent line where the current guess lies (g).
Subsequently it uses this line’s intercept with the x
axis, to find the next guess.

9(@) = f(@a) + f'(@n)(x = @n ) = g(2) = 0

Yn slope Tn

Flavio Schneider

11.4 Taylor Approximation

Definition 11.1 (Taylor Series).

A Taylor Series is the rappresentation of
a function as an infinte power series where
f is differentiable any times at a point xg

(f € C*>°(z0)) of the form:

o t(n)(y
Zf (0).(31;
——

To(f)(aim0) = > T
n=0 ;

— a70)n

an

Where arn, is the Taylor coefficient.

We can use the first n terms of a Taylor Series to
approximate the value of a function f(z) around zg
with T, (f)(x; zo).

f(@) = f(zo) + f'(zo)(z — x0) = T1(f)(w; z0)

This is a rough approximation (n = 1) of f(z) at
the point zg with a polinomial of deg = 1, the value
and derivative will be the same. If we derivate us-
ing the power rule, the first term will cancel leaving
just the derivative, to get a better approximation
we add more terms so that also higher derivatives
will get the same values, the factorial/exponent are
used to get the correct derivative when the power
rule is applied multiple times, and (z — z¢) will just
shift the function if z¢ is not centered at 0.

©)(z = a0)?
£@) % £(@o) + I (zo)a - wo) + LT 2T
() (2 — 20"
$ L2200 (i)
Remainder:
(&) = T () w320) + Fon ()3 20)

Ru(f) (x5 20) := | f(2) = Tn(f)(z; 20)]

The remainder R, quantifies how good is the esti-
mate of the Taylor Series with respect to the actual
value of the function f(z).

Theorem 11: Taylor’s Theorem

If f : I — R is differentiable n + 1 times
f € ¢+t () in an interval I containing the
center xg € I, then for each x € I there exists
a & € |z, o[ such that:

FeH ()

Bul(f)@i20) = T e = 20"+
Lagrange Error Bound:
n+1
|Ra(f)@izo)l < sup [ £ ()] Crzeiit,
rp<é<a (n+1)

11.5 Integral Series Approximation

Given a convergent infinite series Y >, f(n) it’s
usually hard to find it’s value. With this method
we can approximate the sum if f(n) is continuous,
positive and decreasing.

oo k
=Y fm= > f(n)
n=1

n=1
N——
Sy Partial Sum

+ > f(n)

n=k+1

| ——
Ry, Remainder

Since we can calculate an approximation S ~ 5,
Ry, will tell us the difference from the actual value
of S (Rx = S — Sk). Using integrals we can find
upper and lower bound for Ry:

Ry < /k ” f)de

Then the value of the infinte series will be:

Re> [ f@)de,

k+1

Sk + > flx)de < S < S +/OO f(x)dx
+1 k

Thus to calculate the approximation:

1. Choose a value for k, the higher the better the
approximation since we evaluate more terms
where the intergal would find an unprecise
bound.

2. Evaluate Sy = 22:1 f(n).
3. Evaluate both imprOper intergrals
Jiog1 f(@)dz and U = [ f(z)da.

4. Then S will be between L+Sk and U + Sk, eval-

uate the mean to get an average term Supproz =
28p+L+U
5 .

L =

11.6 Prove Bijectivity

To prove that a function f: X — Y is bijective we
have to prove that it’s both:

- Surjective: (Vy € Y 3z € X : F(x) = y) we have

to prove that f is continuous and either one of the
following is true:

hmx—)sup(X) f(.T) = sup(Y)
2. limg_yinp(x) f(z) = sup(Y) and
hma:—)sup(X) f(l‘) znf(Y)

Then by the Intermediate Value Theorem f(z)
covers the entire domain and thus it’s surjective.

- Injective: (F(z) = F(y) = = = y) we have to

show that f(z) is strictly increasing if when we
proved surjectivity we used 1) or strictly decreas-
ing if we used 2) which can be proved with the first
derivative (> 0 or < 0).
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11.7 Approximating Definite Inte-
grals

bf(x)dx: h~>mooT Zf(a+ ))

a

11.8 Theorems

Theorem 12: Polynomial Roots

A polynomial P, of degree d has:
- From 0 to n distinct real roots if d is even.
- From 1 to n distinct real roots if d is odd.

- Always n complex roots (Fundamental The-
orem of Algebra).

Theorem 13: Archimedean Property

Ve R 3Ing EN:z < ng

Theorem 14: Density Theorem

Ve,ye RIzeQ:z<y=sr<z<y

Theorem 15: Function Implication

Given a function f, the following implications
hold:

diff. = continuous = r. integrable = bounded

None of the properties on the right implies one
of the properties on the left.

11.9 Extra

Arithmetic Geometric Series

oo
annfl 1+2q+3q2+‘“+nqn71
n=1

_1—(n4+1)¢" +ng"*!
(1—q)?

Page 9



Continuous Piecewise Function

22 —ax+b z< -1
flz) =< (a+b)x -l<z<1
2 4+ar—b z>1

Then to have continuity both must be true:

f)=1+a+b= lm f(2)

rz——1

lim+(a+b)z =—(a+b)

rz——1

fl)=1+a—b= lim f(z)

rz—1—

= lim (a+bz=a+b

rz—1—

Function Length If f is differentiable on [a,b],
then the graph of the function has a length:

= "t ()

Flavio Schneider
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